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Quantum Hydrodynamics Approach to The Research of Quantum Effects
and Vorticity Evolution in Spin Quantum Plasmas
Trukhanova M. Iv.
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In this paper, we explain a magneto quantum hydrodynamics (MQHD) method for the study of the quantum
evolution of a system of spinning fermions in an external electromagnetic field. The fundamental equations
of microscopic quantum hydrodynamics (the momentum balance equation, the energy evolution equation
and the magnetic moment density equation) are derived from the many-particle microscopic Schredinger
equation with a spinspin and Coulomb modified Hamiltonian. Using the developed approach, an extended
vorticity evolution equation for the quantum spinning plasma is derived. The effects of the new spin forces
and spinspin interaction contributions on the motion of fermions, the evolution of the magnetic moment
density, and vorticity generation are predicted. The influence of the intrinsic spin of electrons on whistler
mode turbulence is investigated. The results can be used for theoretical studies of spinning many-particle
systems, especially dense quantum plasmas in compact astrophysical objects, plasmas in semiconductors, and
micro-mechanical systems, in quantum X-ray free-electron lasers.
PACS numbers: 52.35.We, 67.10.-j
Keywords: Quantum hydrodynamics, spin-spin Interactions, vorticity, spin quantum plasmas
I. INTRODUCTION
The spinning quantum fluid plasma is becoming of
increasing current interest1 -7. Hydrodynamics equa-
tions of a spinning fluid for the Pauli equation with the
quantum particle angular momentum spin was presented
since the pioneering works by Takabayashi and Vigier8 -
11. The vector representation of non-relativistic spinning
particle leads to appearance of new quantum effects had
been separated as non-linear terms which arises from the
inhomogeneity of spin distribution. The extension of the
interpretation to developed approach had been carried in
the12 -16.
The quantum effects in plasma can be represented by
three main quantum corrections. The first is a quantum
force, the multiparticle quantum Bohm or Madelung po-
tential, proportional to powers of ~ and produced by den-
sity fluctuations17,18. The second is associated with the
quantum particle angular momentum spin by the pos-
sible inhomogeneity of the external and spin magnetic
fields. In the momentum balance equation this force ap-
pears through the magnetization energy1. And the latter
force associated only with the spin magnetic moment of
the particle8.
The most interesting and defining features of a quan-
tum spinning plasmas can be derived from the vortic-
ity equation. It had been derived by19 that the vortic-
ity, constructed from spin field of a quantum spinning
plasma, combines with the classical generalized vorticity
to yield a new grand generalized vorticity that obeys the
standard vortex dynamics.
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Astrophysics is also a rapidly growing field of research.
It is important that the consequences of turbulent plasma
movement in the solar photosphere lead to the gener-
ation of vorticity, while magnetic vortices are produced
by magnetic tension. For example, magnetohydrodynam-
ics (MHD) simulations of magnetoconvection have been
used to analyze the generation of small-scale vortex mo-
tions in the solar photosphere. Using the vorticity equa-
tion, combined with G-band radiative diagnostics, it has
been shown that two different types of photospheric vor-
ticity, magnetic and non-magnetic, are generated in the
domain20. The presence of vortex motions for the astro-
physics had been developed in21 -22.
The extracting coherent vortices out of turbulent
flows had been applied to simulations of resistive drift-
wave turbulence in magnetized plasma23. The quasi-
hydrodynamic and quasi-adiabatic regimes had been in-
vestigated.
The formation and dynamics of dark solitons and vor-
tices in quantum electron plasmas had been studied in24.
A pair of equations comprising the nonlinear Schrdinger
and Poisson system of equations, which conserves the
number of electrons as well as their momentum and en-
ergy had been used. It had been shown that the gra-
dient free-energy contained in equilibrium spin vorticity
can cause electromagnetic modes, in particular the light
wave25.
The collective electron angular momentum spin effects
in spinning quantum plasmas can be investigated using
insights from quantum kinetic theory or some effective
theory. We propose a method of quantum hydrodynam-
ics that allows one to obtain a description of the collective
effects in magnetized quantum plasmas in terms of func-
tions in physical space. The fermion model was devel-
oped in Refs.1,2,26 and27. The waves in the magnetized
plasma with the spin had been studied in26 exploring of
new quantum hydrodynamics method of the generation
2wave in the plasma. The new formalism given in this ref-
erences had been used in this article for studying of vor-
ticity evolution in the magnetized plasma with the spin.
A quantum mechanics description for systems of N inter-
acting spinning particles is based upon the many-particle
Schrdinger equation (MPSE) that specifies a wave func-
tion in a 3N-dimensional configuration space. As wave
processes, processes of information transfer, and other
spin transport processes occur in 3D physical space, it
becomes necessary to turn to a mathematical method
of physically observable values that are determined in
a 3D physical space. To do this, we should derive the
fundamental equations that determine the dynamics of
functions of three variables, starting from MPSE. This
problem has been solved with the creation of a many-
particle quantum hydrodynamics (MPQHD) method.
In this article for studying of vorticity and spin vortex
effects we generalize and use the method of the many-
particle quantum hydrodynamics MQHD approach. We
derive the fundamental balance equation, the magnetic
moment evolution equation and new vorticity dynamics
equation and the magnetic vortex evolution equation for
the magnetized quantum plasmas.
II. FUNDAMENTAL EQUATIONS OF THE FERMION
QUANTUM HYDRODYNAMICS
In this section we derive the system of magneto quan-
tum hydrodynamics (MQHD) equations for charged and
neutral particles from the many-particle microscopic
Schrodinger equation
i~
∂ψs(R, t)
∂t
= (Hˆψ)s(R, t), (1)
where R = (~r1, ..., ~rN ). We consider a system of N in-
teracting fermions with equal masses mj, charged and
proper magnetic moments in an external electromagnetic
field. A state of the system of N fermions is determined
by a wave function in the 3N-dimensional configuration
space, which is a rank −Nspinor
ψs(R, t) = ψs1,s2,....sN (~r1, ..., ~rN , t). (2)
The Hamiltonian has the form
Hˆ =
N∑
j=1
(
Dˆ2j
2mj
+ qjϕj,ext − µj σˆαj Bαj,ext)+ (3)
+
1
2
N∑
j 6=k
qjqkGjk − 1
2
N∑
j 6=k,k
µ2jF
αβ
jk σˆ
α
j σˆ
β
k ,
where µj = gµB/2, µjB - is the electron or positron mag-
netic moment and µjB = qj~/2mjc - is the Bohr magne-
ton, qj stands for the charge of electrons qe = −e or for
the charge of positrons qp = e, and ~ -is the Planck con-
stant, g ≃ 2.0023193. The covariant derivative operator
is
Dˆαj = −i~∇ˆαj −
qj
c
Aαj , (4)
where ~Aext, ϕj,ext - are the vector and scalar potentials
of external electromagnetic field.
Green’s functions of the Coulomb and Spin − Spin
interaction are
Gjk =
1
rjk
, Fαβjk = 4πδαβδ(~rjk) + ∂
α
j ∂
β
k
1
rjk
. (5)
The first step in the construction of MQHD appa-
ratus is to determine the concentration of particles in
the neighborhood of ~r in a physical space. If we define
the concentration of particles as quantum average of the
concentration operator in the coordinate representation
ρˆ =
∑
j δ(~r − ~rj) we obtain
ρ(~r, t) =
∑
S
∫
dR
N∑
j
δ(~r − ~rj)ψ+s (R, t)ψs(R, t), (6)
Differentiation of ρ(~r, t) with respect to time and ap-
plying of the Schrodinger equation with Hamiltonian 3
leads to continuity equation
∂ρ(~r, t)
∂t
+ ~∇~(~r, t) = 0, (7)
where the current density takes a form of
α(~r, t) =
∑
S
∫
dR
N∑
j
δ(~r−~rj) 1
2mj
(Dˆ+αj ψ
+
s (R, t)ψs(R, t)
(8)
+ψ+s (R, t)Dˆ
α
j ψs(R, t)),
A momentum balance equation can be derived by dif-
ferentiating current density 8 with respect to time
∂t
α(~r, t) +
1
m
∂βℜαβ(~r, t) = q
m
ρ(~r, t)Eαext(~r, t) (9)
+
q
mc
εαβγjβ(~r, t)B
γ
ext(~r, t)−
1
m
∫
d~r
′
q2∂αG(~r, ~r
′
)ρ2(~r, ~r
′
, t)
+
1
m
Mβ(~r, t)∂
αBβext(~r, t)+
1
m
∫
d~r
′
∂αF γδ(~r, ~r
′
)Mγδ(~r, ~r
′
, t).
ℜαβ(~r, t) =
∑
S
∫
dR
N∑
j=1
δ(~r−~rj) 1
4mj
(ψ+(R, t)Dˆαj D
β
j ψ(R, t)
(10)
3+(Dˆαj ψ(R, t))
+Dβj ψ(R, t) + h.c.)
represents the momentum current density tensor.
Momentum balance equation 9 contains the particle
magnetic moment density1
Mα(~r, t) =
∑
s
∫
dR
N∑
j=1
δ(~r − ~rj)µjψ+s σˆαj ψs, (11)
The Coulomb and Spin − Spin interactions between
the particles are represented in Eq. 9 by the terms where
ρ2(~r, ~r
′
, t) =
∑
s
∫
dR
N∑
j 6=k
δ(~r−~rj)δ(~r
′−~rk)ψ+(R, t)ψ(R, t),
(12)
is the two-particle probability density for the occurrence
of two particle in the neighborhoods of the points ~r and
~r
′
normalized by N(N − 1), and two-particle tensor of
the magnetic moment density
Mαβ(~r, ~r
′
, t) =
∑
s
∫
dR
N∑
j 6=k
δ(~r − ~rj)δ(~r
′ − ~rk) (13)
×µjµkψ+σˆαj σˆβkψ(R, t).
Differentiation of Mα with respect to time and applying
of the Schrodinger equation with Hamiltonian 3 leads to
magnetization equation. The equation representing the
non-relativistic evolution of spin − 1/2 motion takes a
form of
∂tM
α(~r, t) + ∂βℑαβM =
2µ
~
ǫαβγMβ(~r, t)Bγext(~r, t) (14)
+
2µ
~
ǫαβγ
∫
d~r
′
F γδ(~r, ~r
′
)Mβδ(~r, ~r
′
, t)
where the tensor of the magnetic moment flux density is
ℑαβM (~r, t) =
∑
S
∫
dR
N∑
j=1
δ(~r − ~rj) µj
4mj
(ψ+σˆαj Dˆ
β
j ψ+
(15)
+(σˆαj D
β
j ψ)
+ψ)(R, t).
The spinning quantum magnetohydrodynamics should
explain the vorticity evolution. The main idea of this
paper was to create a hydrodynamics foundation for
the vortex dynamic in the context of spinning quantum
plasma. We use the MPQHD approach to receive the
equations for the particle vorticity density, obeying the
standard vortex dynamics. We determine the vorticity
density vector of particles in the neighborhood of ~r in a
physical space as
Ωα(~r, t) =
∑
S
∫
dR
N∑
j
δ(~r − ~rj)ε
αβγ
2mj
∇ˆjβ(Dˆ+γj ψ+s ψs
(16)
+ψ+s Dˆ
γ
j ψs)(R, t),
where we construct the vorticity density in term of the
wave function, we denote the macroscopic vorticity den-
sity as ~Ω = ~∇×~j, as will be shown below. The classical
generalized vorticity density ~Ω can be defined as the curl
of the current density. But in article19 the ordinary vor-
ticity of the plasma is proportional to the curl of the flow
velocity of the fermions (vorticity have the dimensions of
the magnetic field).On the other hand vorticity can be
defined as the curl of velocity ~ω = ~∇× ~υ20. Our idea is
that we use the definition 16 and MQHD method based
upon the many-particle Schrodinger equation to derive
the generalized dynamical equation for classical vorticity
~ω = ~∇× ~υ similar to20 and21 (see below), but contained
the information about interactions inside the fluid.
A. Velocity field
The velocity of j − th particle ~υj is determined by
equation
~υj =
1
mj
(~∇jS − i~ϕ+~∇jϕ)− qj
mjc
~Aj , (17)
The quantity ~υj(R, t) describe the current of probabil-
ity connected with the motion of j−th particle, in general
case ~υj(R, t) depend on coordinate of all particles of the
system R, where R is the totality of 3N coordinate of N
particles of the system R = (~r1, ..., ~rN ).
The S(R, t) value in the formula 17 represents the
phase of the wave function and as the electron has spin,
the wave function is now be expressed in the form
ψ(R, t) = a(R, t)e
iS
~ ϕ(R, t), (18)
where ϕ, normalized such that ϕ+ϕ = 1, is the new
spinor, defined in the local frame of reference with the
origin at the point ~r. The spinor gives the spin part of
the wave function.
We substituted the wave function in the definition of
the basic hydrodynamical quantities. Using that the ve-
locity field ~υ is the velocity of the local center of mass
and determined by equation
~j(~r, t) = ρ(~r, t)~υ(~r, t), (19)
the vorticity density field 16 and the momentum cur-
rent density tensor 10 have the new form of
4~Ω(~r, t) = (~∇×~j)(~r, t), (20)
ℜαβ(~r, t) = mρ(~r, t)υα(~r, t)υβ(~r, t) + ℘αβ(~r, t)+ (21)
+Λαβ(~r, t) + Υαβs (~r, t),
where
℘αβ(~r, t) =
∑
S
∫
dR
N∑
j=1
δ(~r − ~rj)a2mjuαj uβj , (22)
is the well known kinetic pressure tensor. Value
uαj (~r,R, t) is a quantum equivalent of the thermal speed
and uαj (~r,R, t) = υ
α
j (R, t)− υ(~r, t).
The tensor Λαβ is proportional to ~2, has a purely
quantum origin and can therefore be interpreted as an
additional quantum pressure
Λαβ(~r, t) = −
∑
S
∫
dR
N∑
j=1
δ(~r − ~rj)a2 ~
2
2mj
∂2 ln a
∂xαj ∂x
β
j
(23)
The quantum tensor 25 is the quantity which can be
rewritten in terms of concentration ρ in the approxi-
mation of noninteracting particles, using the definition
ρ =
∑
S
∫
dR
∑N
j=1 δ(~r − ~rj)a2(R, t) as
Λαβ(~r, t) = − ~
2
4m
ρ(~r, t)∂α∂β(ln ρ)(~r, t) (24)
using simple manipulation with the expression 24 we
may replace for the large system of noninteracting parti-
cles, this tensor is
Λαβ(~r, t) = − ~
2
4m
(∂α∂βρ(~r, t)− (25)
− 1
ρ(~r, t)
{∂αρ(~r, t)}{∂βρ(~r, t)})
It should be explained that the tensor 25 arises as a
consequence of the quantum Madelung potential and can
be interpreted as an additional quantum pressure.
The tensor Υαβs appears in the theory as a result of rep-
resentations rotating electrons as an assembly of bodies
continuously distributed in space. In the context of quan-
tum hydrodynamics the force due to a new spin stress
inside the fluid takes the form of
Υαβs = −
~
2
4mµ2
Mγ∂
α∂β(
Mγ
ρ
) (26)
This new force emerges from the inhomogeneity of spin
distribution and must be considered in the equation of
motion, being the order of ~2.
On the other hand, after the presentation of the wave
function in the exponential form the tensor of the mag-
netic moment flux density takes the form of
ℑαβM (~r, t) =Mαυβ(~r, t) + γαβs (~r, t), (27)
where
γαβs (r, t) = −
∑
S
∫
dR
N∑
j=1
δ(r−rj) 2µj
mj~
a2(R, t)εαµνsµj∇βj sνj
(28)
In the context of quantum hydrodynamics we have the
additional spin torque
γαβs (r, t) = −
~
2mµj
εαγλMγ(r, t)∂β(
Mλ(r, t)
ρ(r, t)
). (29)
B. Energy evolution equation
The energy density taking into account the Coulomb
and Spin-Spin interactions is given by1,2
ε(r, t) =
∫
dR
N∑
j
δ(r−rj) 1
4mj
{ψ+s ~D2jψs+( ~D2jψs)+ψs}(R, t)
(30)
+
∫
dR
N∑
i6=k
δ(r−rj)1
2
ψ+s {qjqkGjk−µ2jσαj σβkFαβjk }ψs(R, t).
Differentiation of 30 with respect to time and appli-
cation of the Schrodinger equation with Hamiltonian 3
leads to the energy balance equation
∂
∂t
ε(r, t) + ~∇ ~Q(r, t) = qjα(r, t)Eα(r, t) (31)
+JαβM (r, t)∂βB
α(r, t) +A(r, t),
where A(r, t) - is the density of internal force and Q(r, t)
- is the internal energy flux density.
The internal energy flux density is given by
Q(r, t) =
∫
dR
N∑
j
δ(r−rj) 1
8m2j
{ψ+s DjD2jψs+(DjD2jψs)+ψs
(32)
+D+j ψ
+
s D
2
jψs + (D
2
jψs)
+Djψs}(R, t)
5+
∫
dR
N∑
j 6=k
δ(r− rj) 1
4mj
{ψ+s (R, t)(qjqkGjk
−µ2jσαj σβkFαβjk )Djψs(R, t) + k.c.}
The force density of internal forces in (31) consists of
Coulomb force density Acl(r, t) and Spin-Spin force den-
sity As−s(r, t)
As−s(r, t) =
∫
dR
N∑
i6=k
δ(r− rj)1
4
(∇γFαβjk )× (33)
×{ 1
mj
{(σˆαj σˆβk Dˆγj ψ)+ψ + ψ+(σˆαj σˆβk Dˆγj ψ)}(R, t)
+
1
mk
{(σˆαj σˆβk Dˆγkψ)+ψ + ψ+(σˆαj σˆβk Dˆγkψ)}(R, t)}
and
Acl(r, t) = −
∫
dR
N∑
i6=k
δ(r − rj)1
4
(qjqk∇αGjk)×
×{ 1
mj
{Dˆ+αj ψ+(R, t)ψ(R, t) + ψ+(R, t)Dˆαj ψ(R, t)
+
1
mk
{Dˆ+αk ψ+(R, t)ψ(R, t) + ψ+(R, t)Dˆαkψ(R, t)}}
Using the fact that the velocity field is the velocity of
the local center of mass and is determined by 19 and using
the definitions 26 and 29 the energy evolution equation
reads
ρ(
∂
∂t
+ v∇)ǫ(r, t) + ~∇~q(r, t) + ~
2
4mρ(r, t)
{∂αρ(r, t)}{∂βρ(r, t)}∂βυα(r, t) + pαβ(r, t)∂βυα(r, t) (34)
− ~
2
4m
∂α∂
βρ(r, t)∂βυ
α(r, t)− ~
2
4mµ2
Mγ(r, t)∂α∂
β(
Mγ(r, t)
ρ(r, t)
)∂βυ
α(r, t)
= − ~
2mµ
εαµνMµ(r, t)∂β(
Mν(r, t)
ρ(r, t)
)∇βBαext(r, t) + ℵ(r, t).
Let us discuss the physical significance of the terms
on the right-hand side of the system of MQHD equa-
tion 34. The third and fifth terms on the right-hand
side in Eq. 34 describe a quantum force produced by
density fluctuations, which has its origin in the so-called
Madelung potential. The forth term represents the well
known pressure tensor influence. The sixth term charac-
terizes the energy density generation by the spin stress
and the seventh term on the left-hand side of 34 describes
the magnetic moment density torque influence.
The relative energy density the of spinning fermions in
an external electromagnetic field takes the form
ρǫ(r, t) =
∫
dR
N∑
j
δ(r− rj)a2(R, t)(
mju
2
j
2
− ~
2
2mj
△ja
a
+
1
2mj
|∇αsαj |2) (35)
+
q2
2
∫
dr
′
G(r, r
′
)ρ2(r, r
′
, t)− 1
2
∫
dr
′
Fαβ(r, r
′
)Mαβ(r, r
′
, t)
The first term on the right-hand side of the expres-
sion 35 describes the quantum equivalent of the ther-
mal speed contribution, the second term characterizes
the quantum Madelung potential contribution and the
6third term presents the internal spin potential influence.
The forth and fifth terms describe a force field that repre-
sents interactions between particles, namely the Coulomb
interaction of charges and spinspin interactions.
Note that to simplify the problem we consider that the
thermal spin-interactions are neglected and microscopic
spin sαj = s
α is equal to macroscopic average sα. Taken
in the approximation of self-consistent field, from 9, 14
we have the set of MQHD equation for the electrons and
positrons (p=e, i): continuity equation, momentum bal-
ance equation, magnetic moment density equation take
the form
∂tρp + ~∇(ρp~υp) = 0, (36)
mpρp(∂t + υ
β
p ∂β)~υp = qpρp
~Eext +
1
c
~jpe × ~Bext − ~∇℘p (37)
+
~
2
2mp
ρp~∇(
△√ρp√
ρp
) +Mpβ ~∇Bβext +
~
2
4mµ2
∂β{Mγp ~∇∂β(
Mγp
ρp
)}
−ρp~∇
∫
d~r
′
q2pG(~r, ~r
′
)ρp(~r
′
, t) +Mpγ ~∇
∫
d~r
′
F γδ(~r, ~r
′
)M δp (~r
′
, t),
(∂t + υ
β
p ∂β) ~Mp =
2µp
~
~Mp × ~Bext + ~
2mpµp
∂k{ ~Mp × ∂k(
~Mp
ρp
)}+ 2µp
~
ǫαβγMβp
∫
d~r
′
F γδ(~r, ~r
′
)M δp (~r
′
, t), (38)
Lets discuss the physical significance of terms on the
right side of the system of MQHD equations obtained
above 36 - 38. The first and second terms in Eq.
37describe the well known interaction with the external
electromagnetic field, where the first term represents the
effect of the external electric field on the charge den-
sity and the second term is the Lorentz force field. The
fourth term is a quantum force produced by density fluc-
tuations, which has its origin in the so-called Madelung
potential. The fifth term appears in the equation of mo-
tion 37 through the magnetization energy and depends
on the spin or magnetic moment density of particles. The
sixth term represents the self-force or magnetic moment
density stress inside the electron or positron fluid. This
spin self-force appears even in the absence of the electro-
magnetic fields and arises from the inhomogeneity of the
magnetic moment density distribution. Other terms in 37
describe a force field that represents interactions between
particles, namely the Coulomb interaction of charges and
Spin− Spin interactions.
The second term in the equation of magnetic mo-
ment density motion 38 represents the effect additional
magnetic moment density torque on the magnetic mo-
ment density evolution and tends to align spins parallel.
It’s important that the second term has a similar form re-
spectively to the the contribution of exchange interaction
in ferromagnetic media for isotropic cubic ferromagnetic.
Using the definition 16 and the Madelung decomposi-
tion 17 with the momentum balance dynamical equation
37 the hydrodynamics classical vorticity dynamical equa-
tion ~ωp = ~∇× ~υp
∂t~ωp = ~∇×(~υp×~ωp)−~∇( 1
ρp
)×~∇℘p+ 1
mp
~∇(Mpk
ρp
)×~∇Bkext
(39)
+
1
cmp
~∇× ( 1
ρp
~jpe× ~B)−
q2p
mp
~∇× ~∇
∫
d~r
′
G(~r, ~r
′
)ρp(~r
′
, t)
+
~
2
4m2pµ
2
p
~∇(M
ν
p
ρp
)× ~∇{ 1
ρp
∇k(ρp∇k{
Mνp
ρp
)}
+
1
mp
~∇(Mpγ
ρp
)× ~∇
∫
d~r
′
F γδ(~r, ~r
′
)M δp (~r
′
, t).
The vorticity evolution equation 39 shows the different
physical factors associated with the generation of vor-
ticity. The second term on the right side of 39 is pro-
portional to the gas pressure and is responsible for the
hydrodynamic baroclinic vorticity generation of the clas-
sical vortex field. The third term represents the magnetic
baroclinic vorticity and is associated with the anisotropic
7magnetic pressure effect. The fourth term contains in-
formation about the vorticity generated by the magnetic
tension. The sixth term is associated with the magnetic
vorticity generation, even in the absence of the magnetic
field. The sixth and seventh terms characterize the effect
of Coulumb and Spin−Spin interactions in the vorticity
evolution. Equation 39 contains the normal electron or
positron current density ~jep = qpρp~υp, and the magnetic
moment density ~Mp = ρp~µp. The vorticity evolution
equation 39 is a generalization of classical vorticity equa-
tion which had been presented in works19,20,28 and29. At
first, Eq. 39 combines the erstwhile generalized classical
vorticity, but in contrast to20 and29 contains the informa-
tion about interactions inside the quantum vortical fluid
and have been derived using the MQHD method.
Note, that for a 3D system of particles the momentum
balance equation 37, the magnetic density equation 38
and the vorticity evolution equation 39 may be written
down in terms of magnetic intensity of the field that is
created by charges qp and spins ~sp of the particle system
mp(∂t+υ
β
p∂β)~υp = qp ~E+
qp
c
~υpe× ~B−
~∇℘p
ρp
+
~
2
2mp
~∇(△
√
ρp√
ρp
)
(40)
+
2µp
~
spβ ~∇Bβeff ,
(∂t + υ
β
p∂β)~sp =
2µp
~
~sp × ~Beff , (41)
and
∂t~˜ωp = ~∇×(~υp× ~˜ωp)− ~∇( 1
ρp
)× ~∇℘p+ 2µp
~mp
~∇sk× ~∇Bkeff
(42)
where ~˜ωp = ~ωp +
qp
mpc
~B - is the generalized vorticity and
the effective magnetic field ~Beff = ~B + ~Bin includes the
total magnetic field and internal magnetic field ~Bin
~Bin =
c
qpρp
∇k(ρp∇k~sp) (43)
The total magnetic field ~B consists of the field gener-
ated by the charge and the field generated by the spins.
Amp‘eres law including the magnetization spin current
jm = 2µ/~~∇× (ρ~s) takes the form of
~∇×B = 4π
c
∑
p
~jpe+
8πµ
~
∑
p
~∇ρp×~sp+8πµ
~
∑
p
ρp~∇×~sp,
(44)
We must note that the spin stress term have notably
interesting nature, exist even in absence of magnetic field,
have only quantum foundation and arising out from the
spin part of the wave function. Equation 42 was rewrit-
ten by separating the magnetic and non-magnetic terms8.
effective magnetic field and the last three terms produced
by the magnetization vortex generation. Lets to rewrite
the spin-vortex evolution equation from ??, using the
vector ~Ξ = ~∇× ~s
∂t~Ξ = ~∇× (~υ × ~Ξ) + 2µ
~
~∇× (~s× ~Beff ). (45)
This is new equation was obtained with the method
of magneto quantum hydrodynamics (MQHD) for the
study of the quantum evolution of a system of spinning
fermions.
C. The Whistler Mode Turbulence in Magnetized Plasmas
The nonlinear turbulent processes associated with
electromagnetic waves in spinning plasmas have at-
tracted interest. Nonlinear whistler mode turbulence
has been studied in a magnetized plasma30 -33. The
authors had focused on low-frequency (in comparison
with the electron gyro-frequency) nonlinearly interact-
ing electron whistlers and nonlinearly interacting Hall-
magnetohydrodynamic (H-MHD) fluctuations in30. In
this section we investigate the electron whistler wave
properties based on extended 2D magnetohydrodynamic
equations. However, we understand that the electron
spin effect on the whistler wave dispersion typically re-
quires a strong external magnetic field.
Two-dimensional turbulence has been studied in a
magnetized plasma involving incompressible electrons
and immobile ions. We consider that the electrons carry
currents, while the immobile ions provide a neutralizing
background to a quasi-neutral spinning plasma. Using
the fact that the electron fluid velocity is associated not
only with the rotational magnetic field but also with the
magnetization spin current jM = 2ρ0µe~∇ × ~s/~ which
is determined by the spin vector ~s, we have from the
Amp‘eres law
~υe = − c
4πρ0e
~∇× ~B − g
2me
~∇× ~s (46)
where µe = −ge~/4mec, me - is the electron mass, ρ0
- is the electron density. We take into account that the
electron density is constant and the electron continuity
equation 36 shows a divergence-less electron fluid velocity
~∇~υe = 0.
All physical quantity is presented in the form of sum
of equilibrium part and small perturbations f = f0 + f1
~B(~r, t) = B0~y + ~B1(~r, t) + ... ~se(~r, t) = s0~y + ~s1(~r, t)
(47)
ρe(~r, t) = ρ0.., ~υe(~r, t) = ~υ1(~r, t) + ..,
~ωe(~r, t) = ~ω1(~r, t) + ..,
8where B0 - is the external uniform magnetic field directed
along the axis y, s0 - is the unperturbed spin vector.
In this case if we assume that linear excitations f1 are
proportional to exp(−iωt + i~k~x), where ω - is the wave
frequency and k2 = k2x+k
2
y. The three-dimensional equa-
tion 42 closed by 41 transformed into two dimensional by
the regarding variation in the ~z-direction as ignorable or
∂/∂z = 0 and used the separation for the total magnetic
field into two scalar variables ~B1 = ~z × ~∇ψ + b~z30.
We will assume propagation of the waves along an ex-
ternal magnetic field B0 or k = ky. A linearized set of
equations 41 and 42 in this case gives us the dispersion
equation
(1 + k2)ω3k − (1− ωµ)k2ω2k + ((ωµω˜g − ω˜2g − ωµ)k2 − ω˜2g)ωk + ω˜2gk2 − ω˜gωµk2 = 0, (48)
where the length and time scales are normalized respec-
tively de = c/ωpe and ωc = eB0/mec, de - is the electron
skin depth or inertial length scale, ω2pe = 4πe
2ρ0/me -
is the electron plasma frequency ωc - is the electron cy-
clotron frequency and c - is the speed of light. The other
physical quantities are normalized as
ωk → ωk
ωc
, k → kde ω˜g → ω˜g
ωc
, ωµ → ωµ
ωc
ω˜g = gωc/2 + k
2|s0|/me
- is the spin-precession frequency which includes the in-
ternal magnetic field influence and ωµ = g
2|s0|/4med2e -
is a frequency that involves a spin correction due to the
plasma magnetization current and appears even in the
absence of the external magnetic field B0, ~ - is the re-
duced Planck constant. We use that an unperturbed spin
state s0 = −~/2 tanh(µBB0/kBTe) antiparallel to the
background magnetic field. This function appears as the
solution of the spin evolution equation for spin quantum
plasmas where the spin inertia and the spin thermal cou-
pling terms are neglected4,34. The temperature Te is the
Fermi electron temperature TF = ~
2(3π2ρ0)
2/3/2mekB,
where kB is the Boltzmann constant. A situation mag-
netization effects might be important in a regime of very
strong magnetic field in which the external field strength
approaches or exceeds the quantum critical magnetic
field B0 ∼ 4.4138 × 1013G and highly dense plasmas
ρ0 ∼ 10301/sm3. But it can be assumed that the in-
ternal magnetic field inside the fluid which is dependent
on the gradient of the spin distribution 43, can tend to
align neighboring spins parallel.
The effect of the frequency that involves the spin cor-
rection due to the plasma magnetization current is small
ωµ < ωc the cubic expression 48 may be expanded to
yield formulae ωk in the following form
ω1 =
k2
1 + k2
(1− ωµ) + ωµ(ω˜g − 1)k
2
(ω˜g + ωµ − 1)k2 + ω˜g , (49)
and
ω2 = ω˜g +
ωµ(ω˜g − 1)k2
(ω˜g + ωµ − 1)k2 + ω˜g , (50)
The relation 49 expresses the dispersion of low-
frequency whistler waves in the spinning quantum plasma
using the model based on the 2D electromagnetic turbu-
lence equation 42. The solution 50 expresses the dis-
persion of waves that emerge as a result of spin dynam-
ics. The spectrum is divided by the electron inertial skin
depth into two regions, short scale kde > 1, ωk ∼ 1 and
long scale region kde < 1, ωk ∼ k2.
III. CONCLUSIONS
In this paper we analyzed vorticity excitations caused
by the magnetic moment density dynamics in systems
of charged 1/2 − spin particles. MQHD equations are
a consequence of MPSE in which particles interaction is
directly taken into account. In our work we consider the
Coulomb and Spin − Spin interactions. The system of
MQHD equations we have constructed comprises equa-
tions of continuity, of the momentum balance, of the en-
ergy evolution equation, of the magnetic moment density
evolution, and of the vorticity density dynamics. In our
studies of wave processes we have used a self-consistent
field approximation of the MQHD equations.
The equations we are interested in, determining the
system dynamics, are the hydrodynamic equations for
the spinning plasma. This equations (37 and 38) have an
additional quantum contribution proportional to ~2 and
spin corrections, additional Magnetic Moment Stress
andMagnetic Moment Torque which have been derived
in the absence of (thermal) fluctuation of the spin about
the macroscopic average. But in such a situation (ther-
mal) effects on the spin might be important. The main
objective of this paper was to construct an appropriate a
new generalized vorticity equation 42 for spin quantum
plasmas that contains the magnetic, non-magnetic terms
and the spin dependent forces being non potential. The
turbulent processes in plasmas had been investigated us-
ing the vorticity equation19,20,21. We had derived the
vortex dynamic formulation of spinning non - relativistic
quantum plasma, using the method of magneto quan-
tum hydrodynamics (MQHD). We had generalized the
classical vorticity equation for a spinning quantum fluid
plasma and derived the vorticity equation 39 in which
9particles interactions ( Coulomb and Spin− Spin) is di-
rectly taken into account. Important that the quantum
Madelung potential do not contribute to the vorticity
evolution.
Using MQHD equations we analyzed elementary exci-
tations in various physical systems in a linear approxima-
tion. We had studied the influence of the intrinsic spin
of electrons in the nonlinear whistler mode turbulence.
Dispersion branches characterize a new waves, one of
which propagates below the electron cyclotron frequency
49, one above the spin-precession frequency due to the
spin perturbations 50. This result had been derived for
the incompressible electrons in the model based on the
two-dimensional vorticity equation. The spin effects are
seen to be substantial in the very strong magnetic field,
dense plasmas and the graphical representation of the
waves is similar to that found in
The investigation of this approach leads to inter-
esting spin effects dense quantum plasmas in com-
pact astrophysical objects, plasmas in semiconductors
and micro-mechanical systems, in quantum x-ray free-
electron lasers.
Appendix A
The terms represented Coulomb and Spin− Spin in-
teractions in Eq. 37, 38 and 39 leads to the appear-
ance of the self-consistent electric field Eint and the self-
consistent magnetic field Bspin
~∇ ~Eint = 4πqρ, ~∇× ~Eint = 0, (A1a)
~∇ ~Bspin = 0, ~∇× ~Bspin = 4π~∇× ~M.
The two-particle hydrodynamics functions can be pro-
duced using the self-consistent field method. Two-
particle functions 12 and 13 have the ground
expressions1,2
ρ2(~r, ~r
′
, t) = ρ(~r, t)ρ(~r
′
, t) + ̺(~r, ~r
′
, t), (A2)
Mα2 (~r, ~r
′
, t) =Mα(~r, t)Mα(~r
′
, t) + χα(~r, ~r
′
, t), (A3)
where ̺(~r, ~r
′
, t) and χα(~r, ~r
′
, t) - are the the correlation
functions. We must note that the two-particle functions
are the functionals of the wave function ϕ(R, t).
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